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I. INTRODUCTION
There has been considerable attention given to the investigation of the cosmological consequences of string theory. It is hoped that string theory will provide answers to deep questions in quantum gravity and therefore, it is natural that the problem of the evolution of the Universe at early epochs be addressed in the string theory framework [1] [2] [3] [4] . One of the important and intriguing problems for cosmology is to explain the mechanism of inflation. When one tries to understand inflation from the perspective of string theory, it is hoped that it should arise naturally from the theory itself. It has been recognised that the dilaton field might play an important rôle in the explanation of inflation. However, the dilaton also determines the coupling constant in string theory, and therefore it must decouple at late times so that the wellknown results of late-time cosmology are not affected by dilaton interactions, in view of the fact that it can affect masses and coupling constants and other parameters at late times. This has motivated a search for mechanisms that can account for the dilaton decoupling.
A mechanism has been proposed in the pre-big-bang scenario [5] which exploits symmetries that are particular to string theory. The starting point is the tree level string effective action for the dilaton and graviton. There exist solutions that describe an expanding Universe with decceleration. This solution can be related, by means of stringy symmetries, scale factor duality and a time reversal transformation, to a solution which describes a Universe that is expanding and accelerating. An attractive scenario emerges from these two symmetry-related solutions in which the Universe begins with rapid expansion, i.e. there is a pole driven inflation, with a deccelarating expansion at later times, eventually connecting smoothly to an FRW Universe.
Recently, some attention has been focussed on the investigation of the cosmological aspects of the p-branes that arise as classical solutions of string effective actions or those of supergravity theories [6] [7] [8] [9] [10] [11] [12] [13] [14] . It is found that these solutions can be classified into two broad catagories, depending on whether the solution is supported by field strengths carrying electric charges or magnetic charges. In some cases, dualities can relate the two kinds of solution. Although the field equations appear to be quite complicated, even in the cosmological context where the fields depend only on time, nevertheless wide classes of exact classical solutions can be obtained. In fact the equations of motion can be cast into the form of onedimensional Liouville or Toda equations [9] [10] [11] . In particular, in certain cases one encounters the SL(N + 1, IR) Toda equations [7, 11] . Later, we shall show that this can be extended to the E N Toda equations.
Since one would like to understand the evolution of the Universe at very early times, it is natural to consider string cosmology in a quantum framework. One approach is to solve the Wheeler-DeWitt (WDW) equation in a minisuperspace, and to examine the properties of the solutions [15] [16] [17] . One of the interesting applications of quantum string cosmology is to provide a resolution for the graceful exit problem, since no-go theorems have established that it cannot be resolved in classical string cosmology in the pre-big-bang scenario [18] .
The purpose of this article is to explore further the cosmological solutions of string effective actions in the presence of generalised gauge potentials, and to examine their properties. First we review the classical solutions and then we study them at the quantum level. We shall show that formal solutions to the WDW equation can derived in an elegant manner in the minisuperspace model. We shall present explicit solutions in some simple cases as illustrative examples.
In perturbative string theory, there are global symmetries, including the extensively-studied O(d, d) T-duality symmetry. This symmetry makes it possible to solve the WDW equation in many cases, allowing the wave function to be completely classified by the O(d, d) quantum numbers [19] . We shall analyse the WDW equation for a wide class of cosmological models that arise in the lowenergy effective string theory. The organising symmetry that naturally appears in these cases is SL(N + 1, IR) or E N ; the O(d, d) symmetry is not manifest here since we use Poincare duality to write down different form fields that appear in the models. In what follows, we shall discuss how the SL(N + 1, IR) symmetry helps us to solve the WDW equation in minisuperspace.
The paper is organised as follows. In section II, we discuss the different cosmological models that arise naturally in string theories or M-theory in their low energy limit. In particular, in sections IIA, IIB and IIC we review the single-charge, multi-charge and SL(3, IR) Toda models that have been analysed in detail in [11] . In section IID, we present a new class of E N Toda models. In section II, we also introduce the notion of canonical transformations which map sets of interacting classical equations into sets of free equations. This, in turn, allows one to solve the equations of motion in a very simple manner. The quantum version of this canonical transformation is introduced in section III with the help of an intertwining operator closely following the work of [20] . This operator maps an interacting quantum theory to a free theory through a set of non-unitary transformations. This property of the operator is then exploited to solve the WDW equations of some of the models introduced in section II. We conclude the paper with a discussion of Brans-Dicke theory extended to include form fields. In particular, we show that solutions of the classical equations of motion and also the solutions of the WDW equation can be obtained from the models discussed in section II and III by simple rescalings and redefinitions of fields. In an appendix, we consider classes of p-brane solutions that are closely related to the cosmological E N Toda models. In particular, we show how to solve the E N Toda equations for extremal (D − 3)-branes, taking a simplifying truncation to the D 4 = O(4, 4) Toda system as an explicit example that has not previously been presented in the literature.
II. COSMOLOGICAL MODELS WITH NS-NS OR R-R FORM FIELDS
The effective low-energy limits of string theory or Mtheory compactified on tori give rise to maximal supergravities in lower dimensions. In [11, 12] , many cosmological solutions were obtained and analysed. These included single-charge, multi-charge and SL(N +1, IR) Toda models. It was found that the classical equations of motion could be reduced to a set of Liouville or Toda equations. In sections IIA, IIB and IIC we review these models and also, in section IID we introduce a new class of models which are E N Toda cosmological models. We also introduce a set of canonical transformations which, at the classical level, mapss the Liouville or Toda theories to theories governed by free Hamiltonians.
A. Single-charge cosmological models
The simplest cosmological model in D dimension involves the metric, a dilaton and an n-rank field strength F n [11] . The action is given by
where the constant a can be parametrised as [27] 
We will assume that all the fields depend only on time.
The background metric is assumed to have the form
where ds 2 represents the p-dimensional metric on the spatial section of a d-dimensional spacetime, with d = p+1. We shall consider spatial metrics of the maximallysymmetric form
where dΩ 2 is the metric on a unit (p−1)-sphere. Without loss of generality, the constant k may be taken to be equal to 0, 1 or −1, in which case the metric ds 2 describes flat, spherical, or hyperboloidal spatial sections respectively. In (3), m runs over q dimensions so that D = 1 + p + q.
In the gauge U = pA + qB, the action (1) reduces to
In writing down this action, one can us either of two ansätze for the field strength F n that are compatible with the symmetries of the metric (3), giving rise to electric or magnetic cosmological solutions. In the electric solutions, the ansatz for the antisymmetric tensor is given in terms of its potential, and in a coordinate frame takes the form
and hence
where f depends on t only. For the electric solutions, we have p = D −n, q = n−1. For the magnetic cosmological solutions, the ansatz for the tangent-space components for the antisymmetric tensor is
where λ is a constant. Thus we have p = n, q = D−n−1.
In the action (5), X, Y and Φ are related to A, B and φ in the following way:
φ,
Here = 1 is for electric case and = −1 for the magnetic case. Note that in the electric case, the constant λ arises as the integration constant for the function f in (7). The equations of motion for X, Φ and Y arë
The variation of the action (1) with respect to the lapse function g 00 provides the canonical constraint:
Since X and Φ both satisfy Liouville equations, it is straightforward to solve these equations directly:
whereP X is an arbitrary constant. Similarly the solution for Φ is
whereP Φ is again constant. The solution for Y may be taken to be simply
The constraint (11) therefore implies that
The Hamiltonians for the fields X, Φ and Y are given by
where P X , P Φ and P Y correspond to momenta conjugate to X, Φ and Y coordinates. Notice that the solutions for X, Φ and Y can be cast in a different form in terms of their phase-space variables. For example, when k = 1, the solution for X can be written as
whereX =P X t. In fact, these equations can be viewed as a canonical transformation from the interacting Liouville system, with phase-space coordinates (X, P X ), to a free system with phase-space coordinatesX,P X with the
X , by re-writing (17) as
The generating function F (X,X) has the following form
such that
These are the same equations as in (18) . Obviously, since H Φ has also the same structure, a similar set of canonical transformations will also bring it to a free Hamiltonian form. Thus by solving a set of free systems and using the canonical mapping (17), we can generate the solutions of the interacting theory given by the action (1). As we shall discuss in section III, these transformations can be implemented in the quantum version of the model. This, in turn, will allow us to solve the corresponding WDW equations in a straightforward manner.
B. Multi-charge cosmological models
Multi-charge solutions in D-dimensional maximal supergravity can be described by the truncated action
when the dilaton vectors for the set of N field strengths F α of rank n ≥ 2 satisfy the dot products [27] 
The maximum value N max for N depends on the rank of the field strengths, and on the dimension D. For example for 2-form field strengths, N max = 2 for 6 ≤ D ≤ 9; N max = 3 in D = 5; and N max = 4 in 3 ≤ D ≤ 4 [27] . As before, we define fields
where ϕ α = c α · φ. The solutions of the equations of motion that follows from the action (21) in terms of these fields are (see [11] for details)
where λ α is the charge associated to the form field F α andP X ,P Φα ,P Y are constants satisfying the following constraint:
Here ∆ = 4/N and a 2 is given in (2) . The Hamiltonian that follows from (21) is given by
where
As in the previous subsection the Hamiltonian (26) can be brought to a free Hamiltonian, by means of a set of N + 1 canonical transformations which act on the phase space variables (Φ α , P Φα ) and (X, P X ).
C. SL(3, R) Toda cosmological models
As discussed in [11] , when the space-time dimension is D = 2n, the n-rank field strength can carry both electric (7) and magnetic (8) charges. In this case, p = n and q = n − 1. Making the same gauge choice as before, the equations of motion that follow from the action (1) reduce toẌ
and the constant α is given by
The first-order constraint in this case reduces to
In (28), λ 1 and λ 2 correspond to electric and magnetic charges. In particular, the choice λ 1 = λ 2 will correspond to a self-dual cosmological model. Although for a generic value of α the equations seem not to be integrable, when α = 2 equation (28) reduces to the SL(3, R) Toda equations, which can be exactly solved. This value of α can arise for a 2-form field strength in D = 4, with ∆ = 4. The Hamiltonian of the (q 1 , q 2 ) system can be writtrn as
where P 1 , P 2 are the momenta given by
As in the Liouville case, there exists a set of canonical transformations which maps the above Toda Hamiltonian to a free Hamiltonian. The mapping is given in [20] :
and
With this transformation, in terms of the new variables, the Toda Hamiltonian reduces to a free Hamiltonian of the form
D. EN Toda cosmological models
Maximal supergravities in D dimensions coming from the toroidal compactification of eleven-dimensional supergravity have E 11−D global symmetries. It is natural therefore to expect that there might exist p-brane or cosmological solutions that arise as solutions of the E N Toda equations. It has been observed that the dilaton vectors for all the axions are precisely in one-to-one correspondence with the positive roots of the E 11−D algebra. In particular, the simple roots can be taken to be b i,i+1 and a 123 [21] . Thus in all dimensions we may summarise the information about the dot products of the dilaton vectors for the full sets of axions by the Dynkin diagram: In each dimension D, the diagram is truncated to the part that survives when only the simple roots with indices i ≤ 11 − D are retained.
It is straightforward to verify that when the axions take the standard electric or magnetic ansätze, the full Lagrangian can be consistently truncated to one of the form (21) with the N field strengths F α = (F = ( a 123 , b 12 , b 23 , . . .) .
where ϕ α = c α · φ. We shall discuss the electric solutions in detail, for which p = D − 1 and q = 0. (The discussion for the magnetic solutions is analogous.) The metric ansatz in this case is thus given by
where ds 2 is again the metric on the spatial sections, typically taking the form (4). It is convenient to make the gauge choice U = (D − 1)A, which implies that the equations of motion can be written as
together with a firstorder equation
Defining Φ α = q α − 4 β (M −1 ) αβ log(λ β ) to remove the charges, the equations for Φ α then becomë
These are precisely the E 8 Toda equations. Here we present only the E 8 case, since the lower cases for E N with N ≤ 7 are obtained by straightforward truncation.
(In fact an alternative truncation can instead be made that reduces the E 8 Toda equations to the SL(N + 1, IR) equations that were discussed previously [7] .) The lefthand side of the first-order equation (41) is the Hamiltonian for the Toda equations (42), given by
The right-hand-side of the equation (41) is a constant, given by 2(D − 1)P 2 X /(D − 2), since the function A, satifying (39), is given by (12) with X = 2(D − 2)A. Thus the first-order equation (41) means no more than that the Hamiltonian is a conserved quantity, given by
III. THE WHEELER-DEWITT EQUATION
Recently, there have been attempts to solve the WDW equation in string cosmology and study its implications. Let us now construct the WDW equations for the string cosmological models that we are considering in this paper. We recall that the classical equations of motion, which correspond to interacting Liouville or Toda systems, can be reduced to free field equations after implementing the canonical transformations discussed in the previous section. In fact it has been shown that these classical transformations can be extended to the quantum level. This is achieved by introducing intertwining operators, which implement the canonical transformations on the quantum mechanical operators and wave functions [20] . In what follows, we explicitly construct the intertwining operators for the cosmological models that have been discussed in sections IIA and IIB, and we use these to obtain solutions of the corresponding WDW equations. We end this section with the analysis of some of the solutions of the WDW equations, by imposing proper boundary conditions on the wave functions.
A. Intertwining operators and the solutions of WDW equation
The canonical transformation between the classical Liouville and free theories that have been discussed in the previous section can be implemented at the quantum level. This is done by introducing intertwining operators [20] which generate canonical transformations on the quantum operators and on the wave functions. In order to construct such operators we first focus on the simplest of all the models that have analysed in section II, namely, the cosmological model with a single charge.
In order to proceed, let us first concentrate on H X given in (16) . It is known that there exists an operator C X which transforms the Liouville Hamiltonian to a free one [20] . In particular,
As a result, the wave functions ψ X andψ X of the Liouville and free theories are related by ψ = C
−1
Xψ . The operator C X has been constructed in [20] , and takes the following form:
where each of the constituent pieces has the following action:
Taking into account the commutation relation [P X , X] = −i, it is immediate that the combined action of (47) is to map the Liouville Hamiltonian H X to the free HamiltonianH X = 1 2P 2 X . Similarly, the operator C X has the following action on the wave function [20] :
where K ik is a modified Bessel function. Owing to the fact that the canonical transformation described by C X is non-unitary (as it must be, since the Liouville theory is not simply equivalent to the free theory), the normalisation of the transformed wave function is not just the same as the normalisation of the free wave function. It can be determined by calculating the effect of the transformation on the Hilbert-space inner product, leading to the result [20] 
Now consider the WDW equation, which is simply
Here the total Hamiltonian of the system is given by
It is clear now from the structure of the Hamiltonian that the wave function Ψ(X, Φ, Y ) will have the following form:
where Ψ X and Ψ Φ depend on X and Φ respectively. Following our previous discussion, there is an intertwining operator which will convert the interacting Hamiltonian H to a sum of free Hamiltonians. It is given by
Its action on the Hamiltonian is
It is now easy to read off the action of C on the wave functions:
where N kX and N kΦ are momentum-dependent normalisation constants which can be determined from (49). So far, we have been discussing the case k = 1. Following similar arguments, we can also study the WDW wave function for an open universe, for which k = −1. In this case, the analogue of (47) is P ln X : X → ln X , P X → XP X , I X : X → P X , P X → −X , P −1
The operator C is now
whose action on the wave functions can be evaluated using similar methods to those decsribed in [20] , which we used above in the k = 1 case. We shall not discuss the k = 0 case in detail. Following the above discussion, the structure of the wave function is also easily obtained in this case.
Consider now the multi-charge cosmological models discussed in section IIB. As we saw, by proper choice of variables the Hamiltonian can be brought to the form of a sum of N +1 Liouville equations, together with a free part, as given in equation (27) . Thus, following the above discussion, one can immediately construct the quantum intertwining operator C for this case. For k = 1, it is
The action of C on the wavefunction Ψ is again easily read off:
and the normalisation constants N kX and N kΦ α can be determined from (49). We shall not discuss the k = −1 and k = 0 cases seperately here, since the wave functions can be obtained easily by following the previous discussion. We should like to mention here that for the case of the SL(3, R) Toda model, the intertwining operator can also be constructed, by generalising the transformation of (34) at the operator level [20] . The corresponding wave function can also be computed.
B. Analysis of WDW wave functions
Here we analyse some of the solutions of the WDW equation discussed in the previous subsection, by imposing proper boundary conditions on the wave functions.
In order to study the solutions of the WDW equation obtained above, we first note that it is necassary to specify the intial boundary conditions. When we look at the classical cosmological solutions given in Sec II, we see from (12) - (14) , that one has to specify p,P X , ∆, a, P Φ andP Y . Furthermore, we have to choose the value k = −1, 0, or 1. We shall present two specific cases to illustrate how we can obtain explicit solutions, and then discuss their properties.
Let us consider the string effective action in D = 10, such that p = 3, q = 6, a 2 = 1 and ∆ = 4. Furthermore, we look at the magnetic sector of this NS-NS case, and so = −1; see equations (1) - (9) for definitions of the parameters we specified above. We shall take k = 0 from now on. The solutions correspond to
where φ is the dilaton. Note that for the case at hand, the coupling constant of the theory is identified to be g s = e −φ . We recall that the integration constants satisfy the constraintP
as is evident from eq. (15) . Instead of examining the two parameter problem, (note that we can set γ = 0 without any loss of generality and keep λ as an arbitrary parameter) let us look at two cases separately with specific choices for the value of the parameters.
CASE I:
Let us first consider the case whenP Y = 0 andP X < 0. Then it follows thatP X = − 1 √ 3P Φ and U = 3A + 6B, where
Now, let us examine the behaviour of e U , e A and e B for t → ±∞ e U → e 
We see that as t → +∞, e U → +∞ and as t → −∞, e U → 0. We can define a comoving time as follows: dτ = e U dt. Therefore, 0 ≤ τ ≤ ∞ since −∞ ≤ t ≤ ∞. We can define two scale factors, R A and R B respectively,
we see that for τ = 0 and τ = ∞, we end up in the strong coupling phase.
Let us look at the wave function obtained from the solution of the WDW equation. The Bessel functions of our choice are:
where the normalisation constants are determined from (49) as usual. We recall that for t → ±∞, Φ → 0; and from the relation between Φ and dilaton φ, we also know that the coupling constant e −φ diverges in this limit. The wave function
is obtained in the limit when the scale factor A tends to large values and Φ tends to zero.
CASE II:
Let us consider another interesting case when P Y is non-zero and P Φ = 6P Y . The constraint equation implies that P X = ±4P Y , for which we shall choose the plus sign. Note that for this choice we have
as t → ∞. In the limit of t → −∞, we have
and it is easy to see that R A is positive and R A is negative. When we consider the wavefunction for this case, namely Ψ(X, Y, Ψ), in the limit when Φ → 0, it has the form
CASE III:
Now we consider the situation when there is non-zero spatial curvature, corresponding to k = −1. For the sake of simplicity, let us choose P Y = 0 and therefore, from the constraint equation, we have P X = ± 1 √ 3 P Φ . We shall again choose the plus sign. It follows from the solutions of the equations of motion that e X has a singularily at t = 0. If we extract the two scale parameters: R A = e A and R B = e B we find that R A is singular at t = 0 and R B is not. Furthermore, Φ → constant as t → 0. Now let us look at the t → ∞ limit. We find in this case that R A → ∞, R B → 0 and Φ → 0. We can extract the wavefunction in these two limits from the behavior of the Bessel functions.
When t → 0, the wavefunction takes the form,
where Z = e X Note that in this limit the argument of the Bessel function takes a finite value. In the other limit, i.e. t → 0, we find that e X and Φ tend to zero, and so we must take limits in both of the Bessel functions. Thus the wave function is
IV. GENERALISED BRANS-DICKE MODEL
In the cosmological context, one of the extensively discussed models is the Brans-Dicke (BD) model [22] . Although at late times it reduces to Einstein's gravity, at early times its behaviour is very different. This is essentially because of the presence of a scalar which couples to the metric in a non-trivial way. Here, we are interested in a similar model, but extended to include different form fields. A sub-class of such models has previously been analysed, for example in [23] [24] [25] . The action for the theory is given by
where the constant ω is known as the BD parameter. We would like to show here that starting from the action (1), and then properly rescaling the metric and redefining various fields, we end up with an action of the form (71). Thus the solutions of the classical equations of motion of the generalised BD theories can simply be obtained from our analysis in section II. Furthermore, the solutions of the WDW equation in the mini-superspace will follow simply from those in section III, after making the necessary field redefinitions.
We begin with the action (1), which is written in the Einstein frame. After rescaling the dilaton according to
we get
Here ω is a constant and b = a (
. Now, after the further metric rescaling
we get (71), with c = b + 2(n−1) D−2 . As mentioned earlier, the action (71) has been analysed for D = 4 and n = 3 in [23] [24] [25] , and its cosmological properties have been studied. However, following our previous discussion, it is immediate that cosmological solutions of (71) can be obtained by simply taking the solutions of section II and scaling the fields as in (72) and (74). As the procedure is straightforward, we will not carry it out here. However, we should like to make the following comments. In most of the solutions, the dilaton field φ becomes singular at some value of the proper time. Moreover, since the field scalings in (74) involve the dilaton, the cosmological properties of the BD metric will be considerably different from those seen in section II.
V. CONCLUSIONS
In this paper, we have analysed some of the cosmological models arising as solutions of the low-energy effective actions of string theories or M-theory. These solutions involve time-dependent metric tensor, dilaton, and antisymmetric tensor fields. The ansatz and conventions of Ref. [12] were used in constructing general solutions. As is well known, the maximal supergravities in D dimensions, which arise from the toroidal compactification of eleven-dimensional supergravity, have E 11−D global symmetries. We showed that in certain cases the equations of motion can be cast in the form of the one-dimensional E N Toda equations. This was demonstrated explicitly for the maximal E 8 case.
We then studied some of the simpler cosmological models (which are related to the Liouville equation) at the quantum level, by obtaining the solutions of the Wheeler-DeWitt equation in a minisuperspace approximation. The WDW solutions were obtained using the techniques described in [20] . This involves constructing a quantum-mechanical canonical transformation that maps the Liouville theory to a free theory. The Liouville wave functions are then obtained from the free wave functions by means of intertwining operators. We presented solutions of the WDW equations in several cases, where we discussed the initial boundary conditions and studied the evolution of the wave functions. We showed how the wave functions relate different domains of the theory, and we studied their asymptotic behaviour at large times. We also briefly discussed generalised Brans-Dicke theories including higher-degree field strengths, and showed how they can be related to the our framework. Finally, in an appendix, we studied the E N Toda equations for (D − 3)-brane solitions, which are closely related to the E N cosmological models, and showed how they may be solved in the extremal limit. The case of the D 4 = O(4, 4) Toda equations was presented explicitly.
ACKNOWLEDGEMENT
The work of C.N.P is supported in part by DOE grant DE-FG03-95ER40917 and S.M is supported by NSF grant PHY-9411543. J.M. would like to thank Professors C. Bachas and A. Chakrabarti for their gracious hospitality and he would like to acknowledge Jawaharlal Nehru Memorial Fund for award of the Jawaharlal Nehru Fellowship.
In section 2, we showed that we can obtain cosmological solutions supported by 1-form field strengths, whose equations of motion can be cast into E N Toda equations. One-form field strengths can also support electric instanton or magnetic (D−3)-branes. In this appendix, we shall discuss extremal E N Toda instantons or (D − 3)-branes using the same set of field strengths discussed in section 2. (Note that the non-extremal p-branes are equivalent to cosmological solutions that we discussed in section 2, after certain Wick rotations are performed [12] , and we shall not consider these here.) The Lagrangian is given by (37). We shall first consider magnetic (D − 3) branes, with the standard metric and field strength anätze
The extremal condition implies that B = −1/2 α Φ α , with Φ α = −2 β (M −1 ) αβ ϕ β . The equations of motion can be then written as
with extremality implying that its Hamiltonian
vanishes. Here a prime denotes a derivative with respect to ρ = log r. Note that the positive sign on the right-hand side of (A2) is the opposite of that in the cosmological equations that we discussed previously. Correspondingly, there is a minus sign in the second term in the Hamiltonian (A3), whereas in the cosmological case, the Hamiltonian (43) is positive definite. This means that unlike in the cosmological case, here we can find simple but non-trivial solutions for which the Hamiltonian vanishes [7] . These are in fact extremal p-branes, for which the functions e −qα can be expanded in terms of polynomials in ρ:
The integrability of the Toda equations implies that the above series have only finite degrees n α , which we shall now determine. To do this, we first consider the following simple ansatz for a particular, special solution:
where the c α are constants and H = 1 + c ρ is a single "harmonic" function. Thus we have q α = n α c 2 H −2 , and so by substituting into the Toda equations (A2), we find that they are all satisfied provided that the exponents n α in (A5) are chosen to be n α = 4
and that the constants c α are chosen appropriately. Thus in this special case we see that the highest powers n α of ρ in the polynomials (A5) are given by (A6). In fact this special solution corresponds to choosing the charges Q α to occur in a certain fixed ratio for which the solution reduces to a single-scalar one [27] . More generally, if we relax this latter condition, we get solutions of the form (A4) for which the number of free parameters is equal to the number of charges [7] . The degrees n α of the polynomials continue to be given by (A6). The charges Q α are related to the values q α (0) of the variables q α at ρ = 0 (i.e. at spatial infinity) by [7] e qα(0) = β (4Q β )
In the case of E 8 , the Toda equations (A2) are given by q 1 = e 2q1−q4 , q 2 = e 2q2−q3 , q 3 = e −q2+2q3−q4 , q 4 = e −q1−q3+2q4−q5 , q 5 = e −q4+2q5−q6 , q 6 = e −q5+2q6−q7 , (A8) q 7 = e −q6+2q7−q8 , q 8 = e −q7+2q8 .
From (A6), we find that the degrees n α of the polynomials for e −qα in this case will be n α = {136, 92, 182, 270, 220, 168, 114, 58}. Solving for the 1248 coefficients a αm in terms of the eight independent parameters associated with the eight charges Q α is mechanical, but somewhat involved. Instead, we shall just present the results for a subclass of solutions, where we truncate the system to the D 4 = O(4, 4) subalgebra with simple roots { a 123 , b 23 , b 34 , b 45 } (see Table 1 ). This is a new solution that lies outside the A N solutions obtained in [7] . For the D 4 truncation, we find e −q1 = c 1 c 3 −
